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ABSTRACT. In this paper we continue the programme of topologically twisting
N=2 theories in D=4, focusing on the coupling of vector multiplets to N=2 super-
gravity. We show that in the minimal case, namely when the special geometry pre-
potential F (X) is a quadratic polynomial, the theory has a so far unknown on shell
U(1) symmetry, that we name R-duality. R-duality is a generalization of the chiral-
dual on shell symmetry of N=2 pure supergravity and of the R-symmetry of N=2
super Yang-Mills theory. Thanks to this, the theory can be topologically twisted and
topologically shifted, precisely as pure N=2 supergravity, to yield a natural coupling
of topological gravity to topological Yang-Mills theory. The gauge-fixing condition
that emerges from the twisting is the self-duality condition on the gauge field-stength
and on the spin connection. Hence our theory reduces to intersection theory in the
moduli-space of gauge instantons living in gravitational instanton backgrounds. We
remark that, for deep properties of the parent N=2 theory, the topological Yang-Mills
theory we obtain by taking the flat space limit of our gravity coupled Lagrangian is
different from the Donaldson theory constructed by Witten. Whether this difference
is substantial and what its geometrical implications may be is yet to be seen.
We also discuss the topological twist of the hypermultiplets leading to topological
quaternionic σ-models. The instantons of these models, named by us hyperinstan-
tons, correspond to a notion of triholomorphic mappings discussed in the paper.
In all cases the new ghost number is the sum of the old ghost number plus the
R-duality charge. The observables described by the theory are briefly discussed.
In conclusion, the topological twist of the complete N=2 theory defines intersec-
tion theory in the moduli space of gauge instantons plus gravitational instantons plus
hyperinstantons. This is possibly a new subject for further mathematical investiga-
tion.
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I. INTRODUCTION
Topological Field Theories have stirred a lot of interest, both in two and in four dimen-
sions [1]. Their general feature is that of recasting intersection theory in the moduli-space
of some suitable geometrical structure into the language of standard quantum field-theory,
specifically into the framework of the path-integral. Indeed the point-independent correla-
tion functions of these peculiar field-theories represent intersection integrals of cohomology
classes in the given moduli-space.
Hystorically, the first topological field-theory that has been introduced, is the topological
version of 4D Yang-Mills theory [2], sometimes named Donaldson theory. It deals with the
moduli-spaces of Yang-Mills instantons and its correlation functions describe Donaldson
invariants [3]. A lot of attention has also been devoted to topological sigma models in two
dimensions [4]. In this case one probes the moduli-space of holomorphic mappings from the
world-sheet to a complex target space. Theories that have a close relation with topological
sigma-models are the topological versions of N=2 Landau-Ginzburg models [5]. They have
provided an interesting arena for the study of the moduli-spaces associated with Calabi-Yau
manifolds [6], a topic of primary interest in connection with the effective Lagrangians of
superstring models. In a different, but closely related set up, the coupling of topological
matter multiplets to topological 2D gravity [7] has been used to investigate non critical
string theories and relations have been established with the integrable hierarchies discovered
in matrix models [8].
From a formal field-theoretic point of view the general framework of topological field-
theories is that of geometrical BRST-quantization [9]. One deals with a classical Lagrangian
that has a very large symmetry, such as the group of continuous deformations of a gauge-
connection or of a metric and which, therefore, is a topological-invariant-density (i.e. some
characteristic class of some fibre-bundle). To this symmetry one applies the standard BRST
quantization scheme and, in this way, one obtains a topological BRST-cohomology, namely
a double elliptic complex involving both the standard exterior derivative d2 = 0 and a
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second nilpotent operator (the Slavnov operator s2 = 0) that anticommutes with the first:
sd + ds = 0. The true geometrical and physical content of the theory emerges when one
fixes the gauge: indeed the gauge fixing condition is, normally, some kind of self-duality
condition that reduces the space of physical states to the space of suitable instantons.
In this perspective the relevance of the topological twist is appreciated. This is a proce-
dure, discovered by Witten [2], that extracts a topological field-theory with its gauge already
fixed to a suitable instanton condition from an N=2 supersymmetric ordinary field-theory.
Actually the very first example of topological field-theory, namely Donaldson theory, was
constructed in this way starting from N=2 super Yang-Mills theory. The basic ingredients
of the twist procedure are:
i) the possibility of changing the spins of the fields, by redefining a new Lorentz group as
the diagonal of the old one (or a factor thereof) with an internal symmetry group, in such
a way that, after the twist, the top spin boson of each supersymmetric multiplet and one of
its fermionic partners acquire the same spin in the new theory;
ii) the existence of an additional U(1)-symmetry of the old theory, such that, redefining
also the ghost number as the old one plus this particular U(1)-charge, the anticommuting
partners of the bosons, that have acquired the same spin in the twist procedure, have, in the
new theory, ghost number one, while their bosonic partners remain with ghost number zero.
In this way the old fermions become the ghost associated with the topological symmetry.
The twist not only provides a constructive procedure for topological field-theories but
also illuminates the topological character of a sector of the parent theory. This way of
thinking has been most successfully implemented in two-dimensions. There the (Euclidean)
Lorentz group is SO(2) and it can be easily redefined by taking its diagonal with the U(1)
automorphism group of N=2 supersymmetry. In this simple case, the same U(1) provides
also the charge to shift the ghost numbers. The result, as already mentioned, is given by
either the topological sigma-models, or the topological Landau-Ginzburg models, or their
coupling to topological 2D gravity. The topological sector of the original N=2 theory that
is unveiled by this twist procedure is that of the chiral correlation functions.
4
In four-dimensions the twist procedure relies once more on the properties of N=2 su-
persymmetry, but involves many more subtleties, so that the programme of topologically
twisting all N=2, D=4 theories needs deeper thinking. This programme has been started in
[10] by twisting pure N=2 supergravity: in the present paper we push this programme one
step further by twisting N=2 supergravity coupled to vector multiplets and by discussing
the effect of the twist on N=2 hypermultiplets. The accomplished result of the present paper
is given by a D=4 topological Yang-Mills theory coupled to topological D=4 gravity, the
space of physical states being the moduli-space of gauge-instantons living in the background
of gravitational instantons. One of the properties of this theory is that it does not seem
to reduce to Donaldson theory in the limit where the gravitational coupling is switched off.
Hence it seems to define a different topological Yang-Mills theory. Whether this difference
is substantial or not is still to be clarified; anyhow it is not accidental rather it is deeply
rooted in the properties of N=2 supersymmetry.
Indeed the subtleties one encounters in twisting N=2,D=4 theories relate mostly to the
second item of the twisting programme, namely to the identification of the U(1) symmetry
needed to shift the ghost-number. This identification is involved with the non-linear sigma
model structure of the original N=2 theory, in particular with the special Ka¨hler geometry
of the vector multiplet coupling. In this paper we find out that the required U(1)-symmetry,
named by us R-duality, exists, in the supergravity coupled case, if the Special Ka¨hler man-
ifold is chosen to be SU(1, n)/SU(n) × U(1), the so named minimal coupling case. In the
flat case the needed U(1) also exists, as Witten construction shows, if the minimal coupling
is selected. The point is that the minimal coupling in flat space and in curved space cor-
respond to different unequivalent sigma model geometries: the flat Cn-manifold versus the
special Ka¨hler manifold SU(1, n)/SU(n) × U(1). This shows how the flat space limit of
the gravity coupled topological Yang-Mills theory is in principle different from Donaldson
theory as constructed by Witten.
Other subtleties of the D=4 topological twist were already encountered and resolved
in our previous paper on pure N=2 supergravity. Indeed the greater complexity of N=2
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supergravity with respect to N=2 super Yang-Mills forced us [10] to generalize the procedure
of topological twist as introduced by Witten [2] in N=2 super Yang-Mills and at the same
time lead us to reach a deeper understanding of its structure. In particular, we stress that the
twist acts only on the Lorentz indices and not on the space-time indices [10] and this is quite
natural in the formalism of differential forms. This feature of the twist avoids the problem
encountered by Witten in Ref. [2], namely that the twisting procedure is meaningful only
when space-time is R4. We shall come back on this aspect extensively in this paper. When
one studies the topological sector of N=2 matter coupled supergravity, one soon realizes that
other aspects of the twist still need a better understanding. In particular, as we already
pointed out, the fundamental question is the following: what is, in general terms, the U(1)
symmetry that leads to the ghost number of the topological version of a given theory? In
N=2 super Yang-Mills, as well as in N=2 pure supergravity there is only one U(1) internal
symmetry (apart from global dimensional rescalings, that are not relevant to our discussion)
and so either it works or not. Fortunately it works. However, in N=2 supergravity coupled
to vector multiplets, there can be more that one internal U(1); think for example of the U(1)
Ka¨hler transformation or some U(1) subgroup of the group of duality transformations [11]
(at least when the vectors are not gauged). Anyway neither of these two known possibilities
has the correct properties to become a ghost number and further on we show that indeed
they cannot do the job. On the other hand one expects that a twist is possible, since the
theory of topological gravity coupled to topological Yang-Mills should exist. In Ref. [10] we
have shown how to produce a gauge-free algebra and generic observables for any topological
theory and it would be very surprising to find that it is impossible to choose any kind of
instantons to fix the topological symmetry and a gauge fermion to give a lagrangian to
the theory. So, we start our work with the belief that if a suitable U(1) internal charge is
missing, this is because it is not known and not because it does not exist. As anticipated, it
will be named R-duality, for reasons that we shall explain. First we define it and this lead
us to single out the basic properties an internal U(1) symmetry should have in order to give
ghost number. Then we shall explicitly prove invariance of the minimally coupled theory
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under this symmetry.
Our paper is organized as follows. In section II we make some general remarks on the
possibility that minimal N=2 matter coupled supergravity possesses the desired internal
U(1) symmetry (R-duality). In section III we recall the structure of N=2 matter coupled
supergravity in the rheonomy framework. In section IV we fully determine R-duality and
prove that it is indeed an on shell symmetry of the theory. In section V we present the topo-
logically twisted-topologically shifted theory (the gauge-free algebra, the complete BRST
algebra, the topological gauge-fixings, the observables, the gauge-fermion). Finally, in sec-
tion VI we discuss the twist of quaternionic matter multiplets coupled to N=2 supergravity
and along with this discussion, we summarize all the steps of the twisting procedure in four
dimensions, improved by the experience of the present paper.
II. GENERAL REMARKS ON R-DUALITY
In this section we discuss the possibility that minimal N=2 matter coupled supergravity
is R-duality invariant. This internal U(1) charge will add to the ghost number to define
the ghost number of the topologically twisted theory. Thus we shall be able to extend the
procedure of topological twist and topological shift of Ref. [10] in a rather direct way.
Let us first make some simple remarks about the properties of the chiral-dual invariance
displayed by N=2 simple supergravity. These properties will guide us in finding the desired
generalization to the matter coupled case. We use the same notation of Ref. [10]. Consider
the Bianchi identity of the graviphoton A, that is
DR⊗ + 2ǫABψ¯A ∧ ρB = 0, (2.1)
its equation of motion,
4iǫAB ρ¯A ∧ γ5ψB −D(F abV c ∧ V d)ǫabcd = 0, (2.2)
the rheonomic parametrization of the graviphoton curvature R⊗,
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R⊗ = FabV
a ∧ V b, (2.3)
and the on shell chiral-dual transformation, i. e.
δˆψA = iγ5ψA
δˆFab = −2iF˜ab = ǫabcdF cd. (2.4)
In Ref. [10] it was noted that the chiral-dual variation of the Bianchi identity is the equation
of motion and viceversa. This is evident if we re-write the Bianchi identity of the graviphoton
and its equation of motion in the following form
d[R⊗ − ǫABψ¯A ∧ ψB] = 0,
d[ǫabcdF
abV c ∧ V d − 2iǫABψ¯A ∧ γ5ψB] = 0. (2.5)
Moreover, let us see what is the condition for the transformation (2.4) to be well defined, i.
e. what is required for the existence of a δˆA compatible with (2.4). One immediately finds
ǫabcdF
cdV a ∧ V b = δˆ[FabV a ∧ V b] =
= δˆR⊗ = dδˆA + 2iǫABψ¯A ∧ γ5ψB. (2.6)
So, ǫabcdF
cdV a ∧ V b − 2iǫABψ¯A ∧ γ5ψB must be an exact form and we focus on the case
in which a necessary and sufficient condition for this to be true is that the form is closed,
i. e. d[ǫabcdF
cdV a ∧ V b − 2iǫABψ¯A ∧ γ5ψB] = 0. This is precisely the equation of motion
for the graviphoton (2.2). Consequently, the U(1) transformation is defined on shell and
only on shell. This way of reasoning is a natural generalization of the well known case of
electromagnetism and it will directly extend to N=2 matter coupled supergravity.
What do we expect R-duality to be like? Obviously, it should reduce to the known results
both on the gravitational multiplet when matter is suppressed and on the vector multiplets
when gravity is switched off. In other words, it should be a dual transformation on the
graviphoton (that is why we call it duality), a chiral transformation on the fermions and
should leave the graviton and the matter vectors inert. The scalars of the vector multiplets
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should have charges +2 and −2. Consequently, on the fields of the vector multiplets the
symmetry we are seeking should act as the usual internal U(1) symmetry of N=2 super
Yang-Mills, which is an R-symmetry [12]. Finally, it should be possible to gauge the matter
vectors (but not the graviphoton) while preserving the symmetry.
We expect R-duality not to be present in the most general case, i. e. with any special
Ka¨hler manifold, but only in the simplest case, namely for minimal coupling [13]. This is
suggested by the fact that something similar seems to happen even in the case of flat N=2
super Yang-Mills theory. As a matter of fact, the theory involves the choice of an arbitrary
flat special geometry prepotential F (X), which is a holomorphic homogeneous function of
degree two of the simplectic sections XΛ [14]. As a result, the lagrangian involves a coupling
matrix f ij(z), which, in flat coordinates zi =
Xi
X0
, depends holomorphically on the scalars
zi and is given by the second derivative of F , f
ij(z) = ∂
∂zi
∂
∂zj
F (X(z)) [14]. The kinetic
lagrangian of the vectors has the following form
F iµνF
jµνRef ij − 1
2
εµνρσF iµνF
j
ρσImf
ij. (2.7)
Only when f ij(z) = δij, namely when F is quadratic, there is an evident R-invariance, since if
z has a nonvanishing charge, then the only neutral holomorphic function of z is the constant.
In other words, the topological twist appears to be possible only in one case, although the
negative result that R-symmetry is barred in nonminimal coupling has not been established
in a conclusive way. Indeed, we shall prove that R-duality exists in minimal matter coupled
N=2 supergravity, but we shall not prove that this is the only possible case. There could
be some unexpected field redefinitions that make it work in more general cases, even if they
presumably cannot make it suitable for a topological twist. Uniqueness remains, for the
time being, just our conjecture.
We recall that in topological Yang-Mills theory the chiral anomaly becomes ghost number
anomaly after the twist and can be described by saying that the functional measure has a
definite nonvanishing ghost number. Consequently, only the amplitudes of observables that
have a total ghost number opposite to this value can be nontrivial. These features of ghost
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number are present also in topological gravity with or without matter. In Ref. [15] it is
shown that the dual invariance of Maxwell theory in external gravity is anomalous. In
topological gravity we thus expect a ghost number anomaly which is due not only to the
anomalous chiral behaviour of the fermions, but also to the anomalous dual behaviour of
the graviphoton. In other words one has to take care of the zero modes of the graviphoton,
besides those of the fermions.
Let us now derive some a priori information about R-duality. As in Ref. [10] to each field
of the theory we assign a set of labels c(L,R, I)gf , where L is the representation of SU(2)L,
R is the representation of SU(2)R, I is the representation of SU(2)I , c is the U(1)I charge,
g the ghost number and f the form number. If the twist acts on SU(2)R, then after the
twist we have objects described by (L,R ⊗ I)g+cf . In this case the left handed components
of gravitinos and gauginos must necessarily have U(1)I charge +1, since they are the only
fermions that have the correct spin content to give the topological ghosts after the twist. For
example, the left handed components of the gravitinos are characterized by (1
2
, 0, 1
2
)01 and
give (1
2
, 1
2
)1 after the twist, and the vierbein V
a is also a (1
2
, 1
2
)1 object. Similarly, the left
handed components of the gauginos become (1
2
, 1
2
)0 after the twist: let us call them λa. The
vector bosons, however, are Lorentz scalars, so they give (0, 0)01. Consequently, the correct
topological ghosts can only be λaV
a.
The charge of the right handed components of gravitinos and gauginos is fixed to be
−1 by the fact that they are the natural candidates to become the topological antighosts,
as far as their Lorentz transformation properties are concerned. As a check, we can also
see that the charge of the right handed gravitinos is independently fixed by the following
argument to the value c = −1. The supersymmetry charges must also transform. In fact,
the right handed components of the supersymmetry ghosts, which are the ghost partners of
the right handed gravitinos and so must have the same charge, are characterized by (0, 1
2
, 1
2
)10
and give (0, 1)0 ⊕ (0, 0)0 after the twist. This is the only possibility to obtain a scalar zero
form from the supersymmetry ghosts and we recall [10] that the (0, 0)0 component must be
topologically shifted by a constant in order to define the BRST symmetry of the topological
10
theory. This implies g + c = 0 for the right handed components of the supersymmetry
ghosts, and so c = −1.
We conclude that on any of the so far considered fermions, collectively denoted by λ
(supersymmetry ghosts included), R-duality acts as follows
δˆλL = λL
δˆλR = −λR, (2.8)
where δˆ denotes R-duality and λL, λR are the left and right handed components, respectively.
This automatically rules out the U(1) Ka¨hler transformation as a candidate for R-duality,
since the U(1) Ka¨hler charges of the gaugino and gravitino left handed components are
opposite to each other [16]. Note that the previous reasonings are not applicable to the case
of hypermultiplets. Indeed, we shall find that the left handed components of the spinors
contained in these multiplets have charge −1, while the right handed ones have charge +1
(Section VI).
Once we have fixed the charges of the fermions, the R-duality transformations of the
bosons are uniquely fixed by requiring on shell consistency with supersymmetry, δε, i. e.
[δˆ, δε] = 0. (2.9)
Before giving the complete result obtained from this requirement, we recall the structure of
N=2 matter coupled supergravity.
III. N=2 SUPERGRAVITY PLUS VECTOR MULTIPLETS IN THE MINIMAL
COUPLING CASE
By definition, N=2 supergravity minimally coupled to n vector multiplets corresponds
to the case where the special Ka¨hler manifold spanned by the vector multiplet scalars is the
homogeneous manifold M = SU(1,n)
SU(n)⊗U(1)
. In the language of holomorphic prepotentials this
corresponds to the choice F (X) = 1
4
(X0
2 −∑ni=1Xi2). An easy way to obtain the explicit
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form of this theory, in the rheonomy framework that we use throughout the paper, is by
truncation of N=3 matter coupled supergravity [17,18]. If we are interested in the case of
just one vector multiplet, it is more convenient to truncate pure N=4 SO(4) supergravity
[19]. As a matter of fact, we first tested our conjectures using this trick (which we do not
discuss here) and, after having found that their were correct, we extended them to n vector
multiplets in the way we now present.
The gravitational multiplet is (V a, ψA, ψ
A, A0) (the index A taking the values 1, 2), where
V a is the vierbein, ψA are the gravitino left handed components (γ5ψA = ψA), ψ
A are the
right handed ones (γ5ψ
A = −ψA) and A0 is the graviphoton. The n vector multiplets are
labelled by an index i = 1, . . . n and are denoted by (Ai, λ
A
i , λ
i
A, zi, z¯
i), Ai being the vector
bosons, λAi the gaugino left handed components, λ
i
A the right handed ones, zi and z¯
i the
scalars. Vierbein, gravitinos, graviphoton and vector bosons are 1-forms, all the other fields
being 0-forms.
A special Ka¨hler manifold SK(n) is a Hodge Ka¨hler manifold providing the base manifold
for a flat Sp(2n + 2) simplectic vector bundle S pi→ SK(n), whose holomorphic sections
(XΛ,
∂F
∂XΛ
), Λ = 0, 1 . . . n, are given in terms of a prepotential F (X), homogeneous of degree
two in the n + 1 variables XΛ(z) (z belonging to SK(n)). It is common to introduce the
following expressions
FΛΣ = ∂Λ∂ΣF (X),
NΛΣ = FΛΣ + F¯ΛΣ,
G = −ln(NΛΣXΛX¯Σ),
LΛ = e
G
2XΛ,
f iΛ = ∂
iLΛ +
1
2
GiLΛ,
N ΛΣ = −F¯ΛΣ + 1
N∆ΓL∆LΓ
NΛΠLΠN
ΣΞLΞ, (3.1)
where G is the Ka¨hler potential, ∂Λ = ∂
∂XΛ
, ∂i = ∂
∂zi
, Gi = ∂iG.
In the minimal case, if we use the special coordinates zΛ =
XΛ
X0
(z0 = 1) and furthermore
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we impose X0 ≡ 1, then F (z) = 14(1−
∑n
i=1 zizi) and
FΛΣ = =
1
2
ηΛΣ =
1
2
diag(1,−1, . . .− 1),
NΛΣ = ηΛΣ,
G = −lna,
LΛ =
zΛ√
a
,
f iΛ =

 f i0
f ij

 = 1
a
√
a

 z¯i
aδij + zj z¯
i

 ,
N ΛΣ =

N 00 N 0j
N i0 N ij

 = 1
2(1− zizi)

 1 + zlzl −2zj
−2zi δij(1− zlzl) + 2zizj

 , (3.2)
where a = 1− ziz¯i.
In the notation of N=3 matter coupled supergravity [17,18], the manifold G
H
=
SU(3,n)
SU(3)⊗SU(n)⊗U(1)
(which becomes M = SU(1,n)
SU(n)⊗U(1)
when truncating to N=2), is described
by a matrix LΛ
Σ(z, z¯) that depends on the coordinates zAi , z¯
A
i ≡ ziA, where A = 1, 2, 3,
i = 1, . . . n, Λ = (A, i). The N=2 truncation is realized by setting to zero the fermions that
have index A = 3, the bosons with A = 1, 2, the spin 1/2 of the N=3 graviton multiplet and
the SU(3)-singlet spin 1/2 fields of the vector multiplets. The L matrix is [17,18]
LΛ
Σ(z, z¯) =


L1
1 L1
2 L1
3 L1
j
L2
1 L2
2 L2
3 L2
j
L3
1 L3
2 L3
3 L3
j
Li
1 Li
2 Li
3 Li
j


=
1√
a


1 0 0 0
0 1 0 0
0 0 1 z¯j
0 0 zi Mi
j


, (3.3)
whereMi
j =
√
aδji+
ziz¯
j
|z|2
(1−√a). The correspondence with the N=2 notation is the following
LΛ
Σ =


1 0 0 0
0 1 0 0
0 0 L0 f
k
0 (g
− 1
2 )k
j
0 0 Li f
k
i (g
− 1
2 )k
j


, (3.4)
where (g−
1
2 )i
j
=
√
aδji +
ziz¯
j
|z|2
(a−√a). Note that 1
a
Mi
k 1
a
Mk
j
= gi
j ≡ ∂i∂jG, where ∂i = ∂i∗;
gi
j is the metric tensor of the Ka¨hler manifold M. We thus define 1
a
Mi
j
= (g
1
2 )i
j
, and
aM−1i
j
= (g−
1
2 )i
j
.
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The N=2 truncation of the G
H
connection ΩΛ
Σ is
ΩΛ
Σ = (L−1)Λ
Π
(dLΠ
Σ + gfΠ
∆ΓA∆LΓ
Σ) ≡


0 0 0 0
0 0 0 0
0 0 −iQ P j
0 0 Pi Q
j
i +
i
n
δjiQ


. (3.5)
In particular, Q is the gauged Ka¨hler connection and P i is the gauged vierbein on M,
Q = − i
2
(Gi∇zi −Gi∇z¯i),
Pi = (g
1
2 )i
j∇zj (3.6)
and P i = P ∗i . From now on, let Λ take only the values (A = 3, i = 1, . . . n). For convenience,
the index 3 will be eventually replaced by a 0 or simply omitted, when there can be no
misunderstanding.
At this point, truncating the N=3 curvature definitions (see Eq.s (IV.7.46) and (IV.7.48)
of Ref. [17]), we obtain the N=2 curvature definitions already adapted to the minimal
coupling.
Ra = dV a − ωab ∧ Vb − iψ¯Aγa ∧ ψA ≡ DV a − iψ¯A ∧ γaψA,
Rab = dωab − ωac ∧ ωcb,
ρA = dψA − 1
4
ωabγab ∧ ψA + i
2
Q ∧ ψA = DψA + i
2
Q ∧ ψA ≡ ∇ψA,
ρA = dψA − 1
4
ωabγab ∧ ψA − i
2
Q ∧ ψA = DψA − i
2
Q ∧ ψA ≡ ∇ψA,
FΛ = dAΛ + fΛ
Ω∆AΩ ∧A∆ + ǫABLΛψ¯A ∧ ψB + ǫABL¯Λψ¯A ∧ ψB,
∇λiA = dλiA − 1
4
ωab ∧ γabλiA + i
2
(
1 +
2
n
)
QλiA +Qi
jλjA,
∇λiA = dλiA − 1
4
ωab ∧ γabλiA − i
2
(
1 +
2
n
)
QλiA +Qijλ
jA,
∇zi = dzi + gAΛkΛi (z),
∇z¯i = dz¯i + gAΛkiΛ(z¯), (3.7)
where γab =
1
2
[γa, γb] and Q
i
j = (Qi
j)∗. kΛi(z) and k
i
Λ(z¯) are respectively the holomorphic
and antiholomorphic Killing vectors generating the special Ka¨hler manifold isometries. The
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explicit expression of these Killing vectors can be read from Eq.s (3.5) and (3.6), isolating
the term proportional to AΛ in the definition of Pi = (g
1
2 )i
j
(dzj + gAΛk
Λ
j (z)). One finds
kΛi (z) = fi
Λkzk in the case in which only the matter vectors are gauged (this point will be
justified in the following section). In the N=2 notation it is useful to introduce the new
definitions
λAi = −ǫAB(g−
1
2 )i
j
λjB,
λiA = −ǫAB(g−
1
2 )j
i
λjB. (3.8)
Since z and z¯ will be shown to have opposite R-duality charges, the matrix g
1
2 is R-duality
invariant and so the above definitions do not change the R-duality transformation properties
of the fermions. Formulae (3.8) are determined in such a way as to match the following
rheonomic parametrizations
Pi = Pi|aV
a + ǫABλ¯iAψB,
∇zi = Zi|aV a + λ¯Ai ψA, (3.9)
that appear in the N=3 and N=2 formulations, respectively. In the N=2 notation the
gaugino curvatures are
∇λAi = DλAi −
i
2
QλAi − ΓijλAj ,
∇λiA = DλiA +
i
2
QλiA − ΓijλjA, (3.10)
where Γi
j = −(g−1)il(∂jglk)∇zk−gAΛ∂jkΛi is the gauged Levi-Civita holomorphic connection
onM and Γij = (Γij)∗.
In the variables λiA, Pi inherited from the N=3 truncation, the standard N=2 Bianchi
identities (see Eq.s (3.35) of Ref. [16]) take the following form
DRa + Rab ∧ Vb + iρ¯A ∧ γaψA − iψ¯A ∧ γaρA = 0,
DRab = 0,
∇ρA + 1
4
Rab ∧ γabψA − i
2
K ∧ ψA = 0,
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∇ρA + 1
4
Rab ∧ γabψA + i
2
K ∧ ψA = 0,
∇FΛ − f iΛ∇ziǫABψ¯A ∧ ψB − f¯Λi∇z¯iǫABψ¯A ∧ ψB +
+ 2LΛǫABψ¯
A ∧ ρB + 2L¯ΛǫABψ¯A ∧ ρB = 0,
∇2λiA + 1
4
Rab ∧ γabλiA − RijλjA − i
2
(
1 +
2
n
)
KλiA = 0,
∇2λiA + 1
4
Rab ∧ γabλiA − RijλjA + i
2
(
1 +
2
n
)
KλiA = 0,
∇Pi = dPi +Qij ∧ Pj + i
(
1 +
1
n
)
Q ∧ Pi = 0,
∇Pi = dP i +Qij ∧ P j − i
(
1 +
1
n
)
Q ∧ P i = 0, (3.11)
where K = dQ, Ri
j = dQi
j +Qi
k ∧Qkj and Rij = (Rij)∗. The rheonomic parametrizations
are
Ra = 0,
Rab = RabcdV
c ∧ V d − iψ¯A(2γ[aρA|b]c − γcρA|ab) ∧ Vc +
− iψ¯A(2γ[aρA|b]c − γcρA|ab) ∧ Vc + 2G−abǫABψ¯A ∧ ψB +
+ 2G+abǫABψ¯
A ∧ ψB + i
4
εabcdψ¯A ∧ γcψB(2λ¯iBγdλiA − δABλ¯iCγdλiC),
ρA = ρA|abV
a ∧ V b − 2iǫABG+abγaψB ∧ V b +
i
4
ψBλ¯
iBγaλiA ∧ Va +
+
i
8
γabψB
(
2λ¯iBγaλiA − δBA λ¯iCγaλiC
)
∧ V b,
ρA = ρAabV
a ∧ V b − 2iǫABG−abγaψB ∧ V b +
i
4
ψBλ¯iBγ
aλiA ∧ Va +
+
i
8
γabψ
B
(
2λ¯iBγ
aλiA − δABλ¯iCγaλiC
)
∧ V b,
FΛ = F
ab
Λ Va ∧ Vb + i(f iΛλ¯Ai γaψBǫAB + f¯Λiλ¯iAγaψBǫAB) ∧ Va,
∇λiA = ∇aλiAV a + iPi|aγaψBǫAB +G+abi γabψA + gCiψA,
∇λiA = ∇aλiAV a + iP i|aγaψBǫAB +G−iab γabψA + gC iψA,
∇zi = Zi|aV a + λ¯Ai ψA,
∇z¯i = Z¯ i|aV a + λ¯iAψA. (3.12)
where C i = (L−1)3
k
Lj
iLl
3fk
jl are obtained from the N=2 truncation as particular instances
of the N=3 boosted structure constants, Ci = (C
i)∗, f¯Λi = (f
i
Λ)
∗. G+ab, G+abi , G
−
ab and G
−i
ab
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are determined by the equation
1
2
F abΛ + LΛ
3G−ab + LΛ
iG+abi + (L
−1)3
Π
JΠΛG
+ab − (L−1)iΠJΠΛGi−ab = 0, (3.13)
where JΛΠ is the SU(1, n)-invariant metric
JΛΠ =

 1 0
0 −δij

 . (3.14)
One finds
G+ab = −1
4
√
a(1 + 2N¯ )0ΛF+abΛ ,
G+abi = −
1
4
√
a(g
1
2 )i
j
(1 + 2N¯ )jΛF+abΛ +
1
a
z¯2ziG
+ab +
1
2
√
a
ziz¯
kF+abk . (3.15)
and G−ab = (G
+
ab)
∗ and G−iab = (Giab
+)∗. The rheonomic parametrizations are on-shell consis-
tent with the Bianchi identities (3.11).
We can now write down the lagrangian of N=2 supergravity minimally coupled to n
vector multiplets.
L = Lkin + LPauli + Ltorsion + L4Fermi +∆Lgauging +∆Lpotential, (3.16)
where
Lkin = εabcdRab ∧ V c ∧ V d − 4(ψ¯A ∧ γaρA + ρ¯A ∧ γaψA) ∧ V a +
− i
3
gi
j(λ¯Aj γa∇λiA + λ¯iAγa∇λAj ) ∧ Vb ∧ Vc ∧ Vdεabcd +
+
2
3
gi
j[Z¯ i|a(∇zj − λ¯Aj ψA) + Zj|a(∇z¯i − λ¯iAψA)] ∧ Vb ∧ Vc ∧ Vdεabcd +
+
1
6
(N¯ ΛΣF+abΛ F+Σab +N ΛΣF−abΛ F−Σab − gijZ¯ i|aZj|a)εcdefV c ∧ V d ∧ V e ∧ V f +
− 4i(N¯ ΛΣF+abΛ −N ΛΣF−abΛ ) ∧ (FΣ +
− i(f iΣλ¯Ai γcψBǫAB + f¯Σiλ¯iAγcψBǫAB) ∧ Vc) ∧ Va ∧ Vb,
LPauli = −4iFΛ ∧ (N ΛΣLΣǫABψ¯A ∧ ψB − N¯ ΛΣL¯ΣǫABψ¯A ∧ ψB) +
+ 4FΛ ∧ (N¯ ΛΣf iΣλ¯Ai γaψBǫAB −N ΛΣf¯Σiλ¯iAγaψBǫAB) ∧ V a +
− 2igij(∇zj ∧ λ¯iAγabψA −∇z¯i ∧ λ¯Aj γabψA) ∧ V a ∧ V b,
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Ltorsion = Ra ∧ Va ∧ gijλ¯iAγbλAj ∧ V b,
L4Fermi = i(WǫABψ¯A ∧ ψB ∧ ǫCDψ¯C ∧ ψD − W¯ ǫABψ¯A ∧ ψB ∧ ǫCDψ¯C ∧ ψD) +
− 2igijλ¯iAγaλBj ψ¯B ∧ γbψA ∧ V a ∧ V b +
+ i(Wijǫ
ABλ¯iAγaψB ∧ V a ∧ ǫCDλ¯jCγbψD ∧ V b +
− W ijǫABλ¯Ai γaψB ∧ V a ∧ ǫCDλ¯Cj γbψD ∧ V b) +
+
1
18
ǫabcdV
a ∧ V b ∧ V c ∧ V dgijλ¯iAγmλAj gklλ¯kBγmλBl ,
∆Lgauging = 2i
3
g(λ¯Ai γ
aψBW iAB + λ¯
i
Aγ
aψBW
AB
i ) ∧ V b ∧ V c ∧ V dεabcd +
+
1
6
g(M ijλ¯Ai λ
B
j ǫAB +Mijλ¯
i
Aλ
j
Bǫ
AB)εabcdV
a ∧ V b ∧ V c ∧ V d,
∆Lpotential = − 1
12
g2gi
jW iABW
AB
j εabcdV
a ∧ V b ∧ V c ∧ V d, (3.17)
where W = 2LΛLΣN ΛΣ, W ij = 2N¯ ΛΣf iΛf jΣ and Wij = (W ij)∗, while M ij = klΛf [iΛglj] and
Mij = (M
ij)∗, W iAB = ǫABk
iΛLΛ, W
AB
i = (W
i
AB)
∗. The lagrangian in Eq.s (3.16) and (3.17)
agrees with the lagrangian (4.13) of Ref. [16] upon suppression of the hypermultiplets and
up to L4Fermi and the second term of ∆Lgauging, that were not calculated in [16]. Indeed,
the very reason why we have performed the above described N=2 truncation of the N=3
theory was that of obtaining these terms without calculating them explicitly. Our purpose
is that of checking R-duality in the minimal coupling, however, as a byproduct, we have
also obtained the complete form of the lagrangian of N=2 supergravity coupled to vector
multiplets for an arbitrary choice of the special Ka¨hler manifold. All the objects entering
(3.17) have already been interpreted in a general N=2 setup (in which the graviphoton can
be gauged). As a matter of fact, the N=3 theory does not admit the most general gauging
of the vectors [17,18], but it surely admits any gauging of the matter vectors. Even if the
minimal N=2 theory exists in any case, the truncation from N=3 can only give the minimal
N=2 theory in which the graviphoton is not gauged.
As promised, in the following section we define R-duality and prove that it is indeed an
on-shell symmetry of the above theory.
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IV. R-DUALITY FOR N=2 MATTER COUPLED SUPERGRAVITY
Now, starting form the R-duality transformation properties of the fermions, as derived
in Section II, we determine the transformations of the bosons by simply requiring [δˆ, δε] = 0
on-shell, if δε is the supersymmetry transformation with parameters ε (let εA and ε
A be
the left and right handed components, respectively). The supersymmetry transformations
can be read in the usual way from the rheonomic parametrizations (3.9) and (3.12). In any
case, their explicit expression will be written down later on in the context of the BRST-
quantization of the theory (see formula (5.2)). So, we start from
δˆψA = ψA, δˆεA = εA, δˆλ
A
i = λ
A
i ,
δˆψA = −ψA, δˆεA = −εA, δˆλiA = −λiA.
(4.1)
First of all, consistency of R-duality with supersymmetry states that, if a field φ has an
R-duality charge equal to q, then δεφ has the same charge q and viceversa. It is immediate
to see that δˆδεV
a = 0 and so we deduce δˆV a = 0. This is good, because in our mind,
R-duality is to become ghost number and the vierbein should remain of zero ghost number
together with all the matter vectors. Similarly, δˆδεzi = 2δεzi, requiring δˆzi = 2zi. An
analogous reasoning gives, when applied to z¯i, δˆz¯i = −2z¯i, thus confirming that zi and z¯i
have opposite charges. This immediately rules out the possibility that the U(1) symmetry
we are looking for might be a subgroup of the group of duality transformations [11,17].
Indeed, in that case zi and z¯
i would have the same charge. This is welcome, because, if
U(1)I were a subgroup of the duality group, we could not maintain the symmetry in the
presence of gauging, as, on the contrary, we expect to be able to do. We immediately see
that the Ka¨hler potential G is invariant, as well as the metric gi
j (note that this fact would
not hold true in the nonminimal case). It remains to find the transformation properties of
the vector bosons. Let us concentrate on the ungauged case (g = 0) for the moment. One
can verify that [δˆ, δε]ψA = 0 and [δˆ, δε]ψ
A = 0 imply
δˆG±ab = ±2G±ab, (4.2)
while [δˆ, δε]λ
A
i = 0 and [δˆ, δε]λ
i
A = 0 imply
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δˆG+abi = 0, δˆG
i−ab = 0 . (4.3)
respectively. Equations (4.2) and (4.3) form a linear system of equations in δˆF±abΛ , in which
the number of unknowns equals the number of equations. The unique solution is
δˆF 0+ab = 4N¯ 0ΛF+abΛ , δˆF+abi = 0,
δˆF 0−ab = −4N 0ΛF−abΛ , δˆF i−ab = 0.
(4.4)
The graviphoton is thus transformed in a way that resembles the duality transformations and
this forbids its gauging it if we want R-duality. Consequently, when considering the gauged
case, we must assume that only the matter vectors are gauged, i. e. fΣΩΛ = 0 whenever one
of the indices Λ, Σ, Ω takes the value zero. There is no restriction, on the contrary, on the
gauge group of the matter vectors.
Let us rewrite the rheonomic parametrization of the vectors and the definition of their
curvatures
FΛ = F
ab
Λ Va ∧ Vb + i(f iΛλ¯Ai γaψBǫAB + f¯Λiλ¯iAγaψBǫAB) ∧ Va,
FΛ = dAΛ + fΛ
Ω∆AΩ ∧ A∆ + ǫABLΛψ¯A ∧ ψB + ǫABL¯Λψ¯A ∧ ψB. (4.5)
These expressions show that, under the above conditions on the structure constants fΣΩΛ ,
the transformations δˆF+abi = 0 and δˆF
i−ab = 0 imply δˆAi = 0, i. e. all the matter vectors
are inert under R-duality (they will have ghost number zero after the twist and this is good
in order to recover topological Yang-Mills theory).
Summarizing, R-duality acts on-shell as follows
δˆV a = 0,
δˆψA = ψA, δˆψ
A = −ψA,
δˆF 0+ab = 4N¯ 0ΛF+abΛ , δˆF 0−ab = −4N 0ΛF−abΛ ,
δˆAi = 0
δˆλAi = λ
A
i , δˆλ
i
A = −λiA,
δˆzi = 2zi, δˆz¯
i = −2z¯i.
(4.6)
One easily checks that formulas (4.2), (4.3), (4.4) and (4.6) are still valid when all the vectors
but the graviphoton are gauged.
20
What about δˆA0? As in all duality-type transformations, δˆA0 should be meaningful only
on-shell (see Section II). In fact, (4.4) and (4.5) imply (using the explicit expressions (3.2))
δˆF ab0 Va ∧ Vb = 4(N¯ Λ0 F+abΛ −N0ΛF−abΛ )Va ∧ Vb =
= δˆ[dA0 + ǫABL0ψ¯
A ∧ ψB + ǫABL¯0ψ¯A ∧ ψB +
− i(f i0λ¯Ai γaψBǫAB + f¯0iλ¯iAγaψBǫAB) ∧ Va] =
= dδˆA0 − 4N0ΛLΛǫABψ¯A ∧ ψB + 4N¯ Λ0 L¯ΛǫABψ¯A ∧ ψB +
− 4i(N¯ Λ0 f iΛλ¯Ai γaψBǫAB −N0Λf¯Λiλ¯iAγaψBǫAB) ∧ Va. (4.7)
Imposing d2δˆA0 = 0, we get
d[(N¯ Λ0 F+abΛ −N0ΛF−abΛ )Va ∧ Vb +N0ΛLΛǫABψ¯A ∧ ψB − N¯ Λ0 L¯ΛǫABψ¯A ∧ ψB +
+ i(N¯ Λ0 f iΛλ¯Ai γaψBǫAB −N0Λf¯Λiλ¯iAγaψBǫAB) ∧ Va] = 0. (4.8)
One can easily verify that this is the equation of motion of the graviphoton as derived from
the lagrangian (3.16). Furthermore, the R-duality variation of the A0 equation of motion
is proportional to the A0-Bianchi identity and viceversa. It is easily checked that the other
curvatures of (3.7) and the remaining Bianchi identities of (3.11) transform correctly, so
the last step in order to establish R-duality of the theory is the proof of invariance for the
remaining field equations.
The equations of motion of the vector bosons can be written in the following form
dSΛ + 2fΛΣ∆ AΣ ∧ S∆ +RΛ = 0, (4.9)
where SΛ is, by definition, the coefficient in the lagrangian of the field strength FΛ, namely
SΛ = (N¯ ΛΣF+abΣ −N ΛΣF−abΣ )Va ∧ Vb +N ΛΣLΣǫABψ¯A ∧ ψB − N¯ ΛΣL¯ΣǫABψ¯A ∧ ψB +
+ i(N¯ ΛΣf iΣλ¯Ai γaψBǫAB −N ΛΣf¯Σiλ¯iAγaψBǫAB) ∧ Va, (4.10)
and RΛ is the remainder that comes from the δ
δAΛ
-variation of those terms that are manifestly
R-duality invariant and do not depend on the graviphoton A0. Since one can easily verify
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that δˆSΛ vanishes whenever Λ 6= 0 (to this purpose, note that δˆ(N¯ iΣF+abΣ ) = δˆ(N iΣF−abΣ ) = 0
and use the explicit expressions (3.2)), then the field equations of the matter vectors are all
R-duality invariant.
In order to prove R-duality invariance of the remaining field equations, we note that it is
not necessary to study the entire lagrangian L (3.16), because various terms can give only
contributions with the correct δˆ-transformation properties. These are precisely the R-duality
invariant terms of L that do not depend on A0. On the other hand, since δˆF ab0 depends
on all the fields, we cannot neglect a term ∆L only because it is δˆ-invariant (δˆ∆L = 0)
if it contains A0. Indeed, if φ is a field of charge q (δˆφ = qφ; we can take φ 6= A0 since
the A0-equation has already been studied), then the contributions to its field equation (i.
e. ∂
∂φ
∆L) must have charge −q in order to transform correctly (δˆ ∂
∂φ
∆L = −q ∂
∂φ
∆L) and it
must happen that
[
δˆ,
∂
∂φ
]
∆L = −q ∂
∂φ
∆L. (4.11)
For this to be true it is sufficient (and necessary, if ∆L has not a special form) to have[
δˆ,
∂
∂φ
]
φ′ = −q ∂
∂φ
φ′, (4.12)
for all fields φ′. However, this is not true for φ′ = F ab0 and so, if ∆L depends on A0 one
should analyze it explicitly. Summarizing, it is sufficient to test R-duality invariance of
the contributions to the field equations that come from the terms of the lagrangian either
containing A0 or not δˆ-invariant. This part of the lagrangian is given by
∆L ≡ 1
6
(N¯ ΛΣF+abΛ F+Σab +N ΛΣF−abΛ F−Σab)εcdefV c ∧ V d ∧ V e ∧ V f +
− 4i(N¯ ΛΣF+abΛ −N ΛΣF−abΛ ) ∧ Va ∧ Vb ∧ (FΣ +
− i(f iΣλ¯Ai γcψBǫAB + f¯Σiλ¯iAγcψBǫAB) ∧ Vc),
− 2i 1√
a
F 0 ∧ (ǫABψ¯A ∧ ψB − ǫABψ¯A ∧ ψB) +
− 2
a
√
a
F 0 ∧ (z¯iλ¯Ai γaψBǫAB − ziλ¯iAγaψBǫAB) ∧ V a +
+
i
a
(ǫABψ¯
A ∧ ψB ∧ ǫCDψ¯C ∧ ψD − ǫABψ¯A ∧ ψB ∧ ǫCDψ¯C ∧ ψD) +
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− i
a3
(zizjǫ
ABλ¯iAγaψB ∧ V a ∧ ǫCDλ¯jCγbψD ∧ V b +
− z¯iz¯jǫABλ¯Ai γaψB ∧ V a ∧ ǫCDλ¯Cj γbψD ∧ V b), (4.13)
where W andW ij have been replaced by their explicit expressions in terms of zi, and z¯
i and,
after replacement, the manifestly δˆ-invariant terms not containing A0 have been deleted. At
this point, the check that the contributions to the field equations of the fermions, the vierbein
and the scalars transform correctly is rather direct and we leave it to the reader. We thus
conclude that
Proposition. N=2 supergravity minimally coupled to n vector multiplets gauging an
arbitrary n dimensional group (in which the graviphoton is not gauged), is on-shell R-duality
invariant1.
The possibility that R-duality exists also in the N=3 theory or in more extended super-
gravity theories as well as the possibility to have it in N=2 matter coupled supergravity in
nonminimal cases (even if, we presume, it might not be suitable for a topological twist) re-
main open problems. Here we have restricted our attention to that internal U(1) symmetry
that was relevant to our purposes, that is the topological twist.
We have so far neglected the coupling of matter hypermultiplets to N=2 supergravity,
since it is immediately verified that the generalization of R-duality due to the presence of
them is trivial. The scalars have 0 charge, however the left handed components of fermions
must have −1 charge and the right handed components must have +1 charge, differently
from the case of the other fermions so far encountered. The twist is by no means trivial. As
a matter of fact, it turns out that it is interesting as we shall see at the end of this paper.
1Note that for an N=2 theory without hypermultiplets, the statement that a certain vector is
not gauged is equivalent to the statement that it corresponds to a U(1) subgroup of the full gauge
group.
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V. TOPOLOGICAL TWIST OF THE MINIMAL THEORY
In this section, we discuss the twisted topological theory. First of all, let us note that
the gauge-free algebra (i. e. the minimal BRST algebra, with neither antighosts nor gauge-
fixings, nor Lagrange multipliers) is simply the tensor product of the gauge-free algebras for
topological gravity and topological Yang-Mills [10], that is to say
sA = −∇c− ψ,
sc = φ− 1
2
[c, c] ,
sψ = ∇φ− [c, ψ] ,
sφ = − [c, φ] ,
sV a = ψa −D0εa + εab ∧ Vb,
sωab0 = χ
ab −D0εab,
sεa = φa + εab ∧ εb,
sεab = ηab + εac ∧ εcb,
sψa = −D0φa + εab ∧ ψb − χab ∧ εb − ηab ∧ Vb,
sφa = εab ∧ φb − ηab ∧ εb,
sχab = −D0ηab + εac ∧ χcb − χac ∧ εcb,
sηab = εac ∧ ηcb − ηac ∧ εcb. (5.1)
We have grouped the n matter vectors Ai into the column A = (Ai). Similarly, ψ = (ψi),
φ = (φi) and c = (ci). For the definitions of the other symbols, refer to Ref. [10].
The observables and the corresponding descent equations can be derived from the hatted
extensions of the identities d tr[F ∧F ] = 0, d tr[R∧R] = 0 and d tr[R∧ R˜] = 0, in the usual
way [10].
The BRST algebra of N=2 matter coupled supergravity can be found as explained in
Ref. [10], that is to say by extending all differential forms to ghost forms. We report only
the final result, that, together with the translation ghosts εa, the Lorentz ghosts εab, the
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supersymmetry ghosts cA, c
A, involves also the gauge ghosts cΛ.
sV a = −Dεa + εab ∧ Vb + i(ψ¯A ∧ γacA + c¯A ∧ γψA),
sεa = εab ∧ εb + ic¯A ∧ γacA,
sωab = −Dεab + 2RabcdV cεd + i(εcψ¯A + Vcc¯A)(2γ[aρA|b]c − γcρA|ab) +
+ i(εcψ¯
A + Vcc¯
A)(2γ[aρA
|b]c − γcρA|ab) + 4G−abǫABψ¯A ∧ cB +
+ 4G+abǫABψ¯
A ∧ cB + i
4
εabcd(ψ¯A ∧ γccB + c¯A ∧ γcψB)(2λ¯iBγdλiA − δABλ¯iCγdλiC),
sεab = εac ∧ εcb +Rabcdεcεd − ic¯A(2γ[aρA|b]c − γcρA|ab)εc +
− ic¯A(2γ[aρA|b]c − γcρA|ab)εc + 2G−abǫAB c¯A ∧ cB +
+ 2G+abǫAB c¯
A ∧ cB + i
4
εabcdc¯A ∧ γccB(2λ¯iBγdλiA − δABλ¯iCγdλiC),
sψA = −DcA + 1
4
εabγab ∧ ψA − i
2
Q ∧ cA − i
2
Q(0,1) ∧ ψA + 2ρA|abV a ∧ εb +
− 2iǫABG+abγa(cB ∧ V b + ψB ∧ εb) +
i
4
(cBVa + ψ
Bεa)λ¯
iBγaλiA +
+
i
8
γab(cBV
b + ψBε
b)
(
2λ¯iBγaλiA − δBA λ¯iCγaλiC
)
,
scA =
1
4
εabγab ∧ cA − i
2
Q(0,1) ∧ cA + ρA|abεa ∧ εb − 2iǫABG+abγacB ∧ εb +
+
i
4
cBλ¯
iBγaλiA ∧ εa + i
8
γabcB
(
2λ¯iBγaλiA − δBA λ¯iCγaλiC
)
∧ εb,
sψA = −DcA + 1
4
εabγab ∧ ψA + i
2
Q ∧ cA + i
2
Q(0,1) ∧ ψA + 2ρA|abV a ∧ εb +
− 2iǫABG−abγa(cB ∧ V b + ψB ∧ εb) +
i
4
(cBVa + ψ
Bεa)λ¯iBγ
aλiA +
+
i
8
γab(c
BV b + ψBεb)
(
2λ¯iBγ
aλiA − δABλ¯iCγaλiC
)
,
scA =
1
4
εabγab ∧ cA + i
2
Q(0,1) ∧ cA + ρA|abεa ∧ εb − 2iǫABG−abγacB ∧ εb +
+
i
4
cBλ¯iBγ
aλiA ∧ εa + i
8
γabc
B
(
2λ¯iBγ
aλiA − δABλ¯iCγaλiC
)
∧ εb,
sAΛ = −dcΛ − 2fΛΩ∆AΩ ∧ c∆ − 2ǫABLΛψ¯A ∧ cB − 2ǫABL¯Λψ¯A ∧ cB +
+ 2F abΛ Va ∧ εb + i(f iΛλ¯Ai γacBǫAB + f¯Λiλ¯iAγacBǫAB) ∧ Va +
+ i(f iΛλ¯
A
i γ
aψBǫAB + f¯Λiλ¯
i
Aγ
aψBǫ
AB) ∧ εa,
scΛ = −fΛΩ∆cΩ ∧ c∆ − ǫABLΛc¯A ∧ cB − ǫABL¯Λc¯A ∧ cB + F abΛ εa ∧ εb +
+ i(f iΛλ¯
A
i γ
acBǫAB + f¯Λiλ¯
i
Aγ
acBǫ
AB) ∧ εa,
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sλiA =
1
4
εab ∧ γabλiA − i
2
(
1 +
2
n
)
Q(0,1) ∧ λiA −Q(0,1)ijλjA +∇aλiAεa +
+ iPi|aγ
acBǫAB +G
+ab
i γabcA + gCicA,
sλiA =
1
4
εab ∧ γabλiA + i
2
(
1 +
2
n
)
Q(0,1) ∧ λiA −Q(0,1)ijλjA +∇aλiAεa +
+ iP i|aγ
acBǫ
AB +G−iab γ
abcA + gC icA,
szi = −gcΛkΛi (z) + Zi|aεa + λ¯Ai cA,
sz¯i = −gcΛkiΛ(z¯) + Z¯ i|aεa + λ¯iAcA. (5.2)
In Eq. (5.2) Q(0,1) and Q(0,1)i
j are obtained by the one-forms Q and Qi
j upon substitution
of ∇zi with Zi|aεa+ λ¯Ai cA, ∇zi with Z¯ i|aεa+ λ¯iAcA and of AΛ with cΛ. In particular, Q(0,1) =
− i
2
(GiZi|a −GiZ¯ i|a)εa − i2(Giλ¯Ai cA −Giλ¯iAcA).
The BRST algebra of the twisted theory is the above algebra when one implements the
topological twist and the topological shift, as explained in Ref. [10]. From now on, when we
shall refer to the above algebra, this implementation will be understood. The explicit twist
is realized as follows
ψαA → ψαA˙, ψα˙A → ψα˙A˙,
λiαA → λiαA˙, λiα˙A → λiα˙A˙,
ǫAB → ǫA˙B˙, ǫAB → −ǫA˙B˙,
(5.3)
while the topological shift is obtained by
cα˙A˙ → − i
2
eεα˙A˙ + cα˙A˙. (5.4)
Here, e is an object that rearranges the form-number, ghost-number and statistics in the
correct way and that appears only in the intermediate steps of the twist. It will be called
the broker. The broker is a zero-form with fermionic statistics and ghost number one. e2
has even ghost number and Bose statistics, hance it can be set equal to a number and in
our notation we normalize it as e2 = 1.
We now rewrite the most relevant twisted-shifted BRST transformations up to nonlinear
terms. To this purpose, note that, when zi and z¯
i tend to zero, then a → 1; L0, L¯0 → 1;
26
fi
j → δji ; (g
1
2 )i
j → δji ; G+ab → −12F+0ab ; Gi−ab → −12F i−ab . Let us define (note that the gauginos
are expressed in the N=3 notation, namely λiA, λ
iA)
ψ˜a = e
2
ψαA˙(σ¯
a)A˙α, ψ˜ab = −e(σ¯ab)A˙α˙ψα˙A˙, ψ˜ = −eψα˙A˙δα˙A˙,
Ca = e
2
cαA˙(σ¯
a)A˙α, Cab = −e(σ¯ab)A˙α˙cα˙A˙, C = −ecα˙A˙δα˙A˙,
λi =
e
2
λiαA˙(σ¯
a)A˙αVa, λ
iab = −e(σ¯ab)A˙α˙λiα˙A˙, λ˜i = −eλiα˙A˙δα˙A˙.
(5.5)
As an example of the action of the broker e, note that, while 1
2
ψαA˙(σ¯
a)A˙α is a one-form, is a
fermion and has ghost number zero, the true topological ghost ψ˜a must be a one-form, with
ghost number one and it is a boson. In Ref. [10] the broker was not explicitly introduced,
although it was implicitly assumed.
Up to nonlinear terms, we obtain
sV a = ψ˜a − dεa + εab ∧ Vb, sεa = Ca,
sεab = −1
2
F+0
ab
, sψ˜a = −dCa + 1
2
F+
ab
0 ∧ Vb,
sψ˜ab = −dCab + i
2
ω−
ab
, sψ˜ = −dC,
sCa = 0, sCab = i
2
ε−
ab
,
sC = 0, sλi =
1
2
dzi,
sλi
ab
= iF−abi , sλ˜
i = 0,
sAi = −dci + λi, sci = −12zi,
szi = 0, sz¯
i = i
2
λ˜i,
sA0 = iψ˜ − dc0, sc0 = −12 + iC.
(5.6)
Here F−ab = 1
2
(F ab + i
2
εabcdFcd) (with respect to Ref. [10] there is, in particular, a sign
difference in the conventions for γ5 and εabcd).
From Eq.s (5.5) and (5.6) we can directly identify what are the topological ghosts, the
topological antighosts (up to interaction terms) and the topological gauge-fixings. More
generally, one retrieves the topological meaning of the twisted versions of all the fields
of the original theory. ψ˜a are the topological ghosts associated to the graviton, λi those
associated to the matter vectors; the corresponding topological antighosts are ψ˜ab and λiab,
respectively. The ghosts for ghosts are Ca, F+ab0 and zi, respectively for diffeomorphisms,
Lorentz rotations and gauge transformations. z¯i are antighosts for ghosts, while Cab and
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C are extraghosts. Let us discuss the gauge-fixings. They involve complicated expressions
depending on the various fields (even in the topological σ-model in two dimensions [4] one
finds convenient to impose a topological gauge-fixing depending on the ghosts), but they
can be equivalently read when all the ghosts are set to zero, because in the minimum of the
BRST action all the ghosts are zero by definition. To this purpose, the interaction terms are
negligible (they always contain ghosts). Our expectations are confirmed: the theory does
indeed describe Yang-Mills instantons F−abi = 0 in a background gravitational instanton
ω−ab = 0 (the Wick rotation to the Euclidean is of course understood, as in Ref. [10])2.
We note that there are more observables than those we have constructed by means of
the minimal BRST algebra (5.1). They involve also antighosts. In fact there is another
noticeable differential form which is closed but not exact and which could be a source of
nontrivial observables, namely the Ka¨hler formK. In fact the Ka¨hler potential G exists only
locally and K = dQ is only a local statement. The associated descent equations still give
observables, however so far we have not revealed their deep meaning (if any). The Ka¨hler
form and its extended version are constructed with both ghosts and antighosts, while one
usually uses only ghosts. We must remark that the topological Yang-Mills theory we have
found is not exactly Witten’s topological Yang-Mills theory coupled to gravity. In fact,
Witten’s theory is described by a flat Ka¨hler manifold (and Q exists globally, so K is not
interesting), while our theory corresponds to SU(1,n)
SU(n)⊗U(1)
and K cannot be globally exact [16],
so it cannot be a priori discarded. One has
K = igi
j∇zj ∧ ∇z¯i + i
2
g(Gik
iΛ −GikΛi )(dAΛ + fΛΣΠAΣ ∧AΠ). (5.7)
The descent equations derived from dˆKˆ = 0 give the following observables
O(0) = K(0,2),
2Note that the BRST variation of the topological gravitational antighost ψ˜ab contains, in addition
to the gauge-fixing ω−ab, also the derivative of the extraghost Cab. As explained in Ref. [10], this
is due to the redundancy of the gauge conditions ω−ab = 0.
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O(1)γ =
∫
γ
K(1,1),
O(2)S =
∫
S
K, (5.8)
where γ and S are one- and two-dimensional cycles, while
K(0,2) = igi
j(Zj|aε
a + λ¯Aj cA) ∧ (Z¯ i|aεa + λ¯iBcB) +
− i
2
g(Gjk
jΛ −GjkΛj )(ǫABLΛc¯A ∧ cB + ǫABL¯Λc¯A ∧ cB − F abΛ εa ∧ εb +
− i(f iΛλ¯Ai γacBǫAB + f¯Λiλ¯iAγacBǫAB) ∧ εa),
K(1,1) = igi
j(Zj|aε
a + λ¯Aj cA) ∧∇z¯i + igij∇zj(Z¯ i|aεa + λ¯iAcA) +
− i
2
g(Gjk
jΛ −GjkΛj )(2ǫABLΛψ¯A ∧ cB + 2ǫABL¯Λψ¯A ∧ cB +
− 2F abΛ Va ∧ εb − i(f iΛλ¯Ai γacBǫAB + f¯Λiλ¯iAγacBǫAB) ∧ Va +
− i(f iΛλ¯Ai γaψBǫAB + f¯Λiλ¯iAγaψBǫAB) ∧ εa). (5.9)
The correspondence between the gauge-free algebra (5.1) and the complete BRST algebra
(5.2) is realized by the following identifications
ψa = i(c¯A ∧ γaψA + ψ¯A ∧ γacA)−Aab ∧ εb = ψ˜a + · · · ,
φa = ic¯A ∧ γacA = Ca + · · · ,
χab = sAab − Aacεcb + εacAcb + 2RabcdV cεd + i(εcψ¯A + Vcc¯A)(2γ[aρA|b]c − γcρA|ab) +
+ i(εcψ¯
A + Vcc¯
A)(2γ[aρA
|b]c − γcρA|ab) + 4G−abǫABψ¯A ∧ cB +
+ 4G+abǫABψ¯
A ∧ cB + i
4
εabcd(ψ¯A ∧ γccB + c¯A ∧ γcψB)(2λ¯iBγdλiA − δABλ¯iCγdλiC),
ψi = 2ǫABLiψ¯
A ∧ cB + 2ǫABL¯iψ¯A ∧ cB +
− 2F abi Va ∧ εb − i(f ji λ¯Aj γacBǫAB + f¯ijλ¯jAγacBǫAB) ∧ Va +
− i(f ji λ¯Aj γaψBǫAB + f¯ijλ¯jAγaψBǫAB) ∧ εa = −λi + · · · ,
φi = −ǫABLic¯A ∧ cB − ǫABL¯ic¯A ∧ cB + F abi εa ∧ εb +
+ i(f ji λ¯
A
j γ
acBǫAB + f¯ijλ¯
j
Aγ
acBǫ
AB) ∧ εa = −1
2
zi + · · · ,
ηab = Rabcdε
cεd − ic¯A(2γ[aρA|b]c − γcρA|ab)εc − ic¯A(2γ[aρA|b]c − γcρA|ab)εc +
+ 2G−abǫAB c¯A ∧ cB + 2G+abǫAB c¯A ∧ cB +
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+
i
4
εabcdc¯A ∧ γccB(2λ¯iBγdλiA − δABλ¯iCγdλiC) = −
1
2
F+ab0 + · · · , (5.10)
where Aab ∧ Vb = iψ¯A ∧ γaψA and the dots stand for nonlinear corrections.
Now we write the gauge fermion Ψ, the BRST variation of which is the quadratic part
of the N=2 lagrangian, after topological twist and topological shift.
Ψ = −16i(Bab − iω−ab + 2dCab) ∧ ψ˜ac ∧ Vb ∧ V c + 8iF0 ∧ ψa ∧ Va +
+
(
2
3
ηabεab − 1
6
(Miab − 2iF−iab)λiab
)
εcdefV
c ∧ V d ∧ V e ∧ V f +
+
4
3
λai dz¯
i ∧ εabcdV b ∧ V c ∧ V d. (5.11)
Here, Bab and M iab are Lagrange multipliers (sψ˜ab = Bab, sλiab = M iab, sBab = 0, sM iab =
0), while λai is such that λi = λ
a
iVa.
VI. THE GENERAL STRUCTURE OF THE TWISTING PROCEDURE AND
QUATERNIONIC TOPOLOGICAL σ-MODEL
In this section we discuss the topological twist of quaternionic matter multiplets [16]
coupled to N=2 supergravity. We shall not develop the entire formalism in full detail, living
it for a future publication, but we shall concentrate on some of its relevant aspects.
We already anticipated in the introduction that the twisting procedure as described by
Witten [2] needs some modifications in order to work correctly. First of all, as shown in Ref.
[10], the twist acts on the Lorentz group and does not touch the space-time indices. This
was straightforward in the case of pure supergravity, since all the fields are one-forms, i. e.
they are all on the same footing as far as space-time indices are concerned. Consequently
the twist on the Lorentz group works in exactly the same way as the twist described by
Witten. However, when studying the case of the Yang-Mills theory, one has to face the
problem that the vector bosons Ai are one forms and Lorentz scalars, while the gauginos λ
A
i
and λiA are zero-forms and Lorentz spinors. If you are in flat space, you can mix Lorentz
and Einstein indices and so the twist can work in the way described by Witten. However,
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Witten himself notes [2] that his method works only in flat space, even if the result is valid
in any curved space. If we follow our method, this problem is simply absent. We remain
in the most general curved space and act only on the Lorentz indices. At this point, the
twisted vector boson is still a one-form and a Lorentz scalar, while the twisted left handed
gaugino λai ≡ e2λiαA˙(σ¯a)A˙α is a zero-form and a Lorentz vector. From (5.6) you immediately
read that the true topological antighost is not simply λai , but λi = λ
a
i Va, i. e. the object
that you obtain from the simple twist (λai ) must be contracted with the vierbein V
a. λi is
a one-form and a Lorentz scalar, as desired.
In order to show that the contraction with a vielbein plays a substantial role in the
twisting procedure, one would like to exhibit a case in which this step is so important that
no result can be obtained without it (even in flat space). This is precisely the case of the
quaternionic σ-model. The multiplet consists of (qi, ζI , ζ
I), where ζI and ζ
I are the left
handed and right handed components of the spinors (I = 1, . . . 2m), while qi are the coor-
dinates of a 4m-dimensional manifold Q(m) (i = 1, . . . 4m), with a quaternionic structure,
namely possessing three complex structures Jx, x = 1, 2, 3, fulfilling the quaternionic alge-
bra. Specifically Q(m) is a Hyperka¨hler manifold when gravity is not dynamical (i.e. it is
external), while it is a quaternionic manifold when gravity is dynamical. As you see, no field
has indices of SU(2)I , i. e. all the fields are singlets under the internal SU(2). Consequently,
the usual twisting procedure acts trivially on hypermultiplets: the Lorentz scalars remain
Lorentz scalars and the spinors remain spinors. In a moment we shall show how this problem
can be solved by means of a contraction with a suitable vielbein.
The general feature of Q(m) is that its holonomy group Hol(Q(m)) is contained in
SU(2) ⊗ Sp(2m). This SU(2) is nothing but SU(2)I [16]. In the Hyperka¨hler case, the
SU(2) part of the spin connection ofQ(m) is flat, while in the quaternionic case its curvature
is proportional to Ωx = hik(J
x)kjdq
i∧dqj , where hij is the metric of Q(m). In both cases one
can exploit another SU(2), which will be denoted by SU(2)Q, namely the SU(2) factor in
the SU(2)⊗SO(m) maximal subgroup of Sp(2m). We shall see that the twisting procedure
requires also a redefinition of SU(2)L, namely
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SU(2)L → SU(2)′L = diag[SU(2)L ⊗ SU(2)Q]. (6.1)
Summarizing, the complete twisting procedure can be divided in the following three steps.
Step A corresponds to the redefinitions of SU(2)L, SU(2)R and ghost number U(1)g
SU(2)L → SU(2)′L = diag[SU(2)L ⊗ SU(2)Q],
SU(2)R → SU(2)′R = diag[SU(2)R ⊗ SU(2)I ],
U(1)g → U(1)′g = diag[U(1)g ⊗ U(1)I ],
c(L,R, I, Q)gf → (L⊗Q,R ⊗ I)g+cf , (6.2)
where Q denotes the representation of SU(2)Q. Step B is the correct identification of the
topological ghosts (fields with g + c = 1 from g = 0, c = 1) by contraction with a suitable
vielbein (if it exists). Step 3 is the topological shift, namely the shift by a constant of the
(0, 0)00 field coming from the right handed components of the supersymmetry ghosts.
Let us see how the contraction with a suitable vielbein can help when the usual twisting
procedure does not give directly the true topological ghosts (i.e. it gives objects with the
wrong spin assignment). Since the hypermultiplets are made of zero-forms, the vierbein
V a cannot help us. Fortunately, however, there is a vielbein that does the job, namely
the quaternionic vielbein UAIi (A = 1, 2 is an index of SU(2)I) [16]. We can for example
take the contraction U iAI c¯AζI , where U iAI is the inverse vielbein. After the topological shift,
this expression becomes − i
2
eU i
A˙I
ζ A˙I , up to interaction terms, and is the natural candidate
to become the topological ghost (it is also the only candidate). Here is another novelty:
the topological ghost is constructed with the right handed components of the fermions,
not the left handed ones. This means that the R-duality charge of ζI is +1 and that of
ζI is −1, the opposite of what happens in the other cases that we have studied. This
is not completely surprising, because the reasoning of Section II that established the R-
duality charges of gravitinos and gauginos was essentially based on the effects of the usual
redefinition of SU(2)R on the representations of the Lorentz group, effects that are absent
in the present case. From Ref. [16] one can convince oneself that this is in fact the correct
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charge assignment.
We report here only those terms in the BRST variations of the fields that correspond
to supersymmetries, in order to spot the nature of the instantons described by the theory,
reading the topological gauge-fixings.
δqi = U iAI(ǫABCIJ c¯BζJ + c¯AζI),
δζI = iUBJa γacAǫABCIJ ,
δζI = iUAIa γacA, (6.3)
where CIJ is the flat Sp(2m) invariant metric while UAIa is the supercovariantized derivative
of the quaternionic field qi with indices flattened both with respect to spacetime and with
respect to the quaternionic manifold via the corresponding vielbeins.
UAIa = V µa (UAIi ∂µqi − ǫABCIJψ¯µBζJ − ψ¯µ
A
ζI). (6.4)
The topological shift gives, up to nonlinear terms,
δqi = − i
2
eU i
A˙I
(ζ A˙)I ≡ ξi,
δ(ζα)I =
e
2
U B˙Ja (σa)αB˙CIJ ,
δ(ζ A˙)I = 0, (6.5)
From this equation we realize that the topological symmetry is indeed the expected one for
a σ-model, namely the map qi : Mspacetime → Q(m) can be continuously deformed. The
topological ghosts ξi are exactly what we anticipated. In order to correctly identify the
topological antighosts, we have to write the index I as the pair (α, k), where α = 1, 2 is
the doublet index of SU(2)Q and k = 1, . . .m is the vector index of SO(m), such that
CIJ = C(α,k)(β,l) takes the form ǫαβδkl. Now we write
δ(ζα)βk =
e
2
U B˙γla (σa)αB˙ǫβγδkl =
e
2
U B˙γka (σa)αB˙ǫβγ . (6.6)
At this point we can introduce the vielbein Eaki ≡ 12U A˙αki (σa)αA˙ and the true topological
antighosts ζ+abk = −e(σab)αβǫαγ(ζβ)γk and ζk = −eǫαβ(ζα)βk, which, under the Lorentz group
transform as (1, 0) and (0, 0) respectively. One finds
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δζ+abk = 2V µ[aE
b]+k
i ∂µq
i,
δζk = V µa E
ak
i ∂µq
i, (6.7)
where [ab]+ means selfdualization in the indices a, b. Thus we see that both ζ+abk and ζk
are topological antighosts (otherwise we would have not enough equations to fix the gauge
completely). In the previously studied cases, instead, the (0, 1) components were the only
topological antighosts, while the (0, 0) component permitted to fix the gauge freedom of the
topological ghosts (directly related to the gauge freedom of the gauge freedom, which now
is missing). Thus, the instantons described by this theory (which we name hyperinstantons)
are given by the following equations
V µ[aE
b]+k
i ∂µq
i = 0,
V µa E
ak
i ∂µq
i = 0. (6.8)
In a certain sense, Eq. (6.8) define a condition of holomorphicity of the maps Mspacetime →
Q(m) with respect to the three complex (or almost complex) structures Jx ofQ(m). For this
reason we find it proper to name triholomorphic a map q satisfying Eq. (6.8). In conclusion,
in the same way as the instantons of topological σ-models in D=2 are given by holomorphic
maps, those of topological σ-models in D=4 are given by triholomorphic maps.
If gravity is external (Q(m) is Hyperka¨hler) then the gravitational background should
be restricted by the need to have N=2 global supersymmetry, however, the proof that the
solutions to the above equations are indeed instantons works for any background and is
based on the following identity
∫
M
d4x
√−ggµν∂µqi∂νqjhij = 2
∫
M
d4x
√−g[(V µa Eaki ∂µqi)2 + 4(V µ[aEb]
+k
i ∂µq
i)2] +
− 4i ∫ME[ak ∧ Eb]−k ∧ Va ∧ Vb, (6.9)
where hij = 2E
ak
i E
bk
j ηab is the metric of Q(m), while Eak ≡ Eaki dqi. The form E[ak ∧Eb]−k∧
Va ∧ Vb is proportional to Ωx ∧ Va ∧ Vb (the coefficient, which is a numerical matrix Mabx
antiselfdual in ab is not important), where Ωx are the 2-forms introduced above. Ωx are
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closed forms of Q(m) if Q(m) is Hyperka¨hler. Consequently, in such a case the last term of
(6.9) is a topological invariant and this completes our proof.
In the case gravity is dynamical (Q(m) is quaternionic) there exist three forms ωx such
that
dΩx+εxyzω
y ∧ Ωz = 0,
dωx+
1
2
εxyzω
y ∧ ωz = Ωx. (6.10)
The definition of the curvatures changes drastically with respect to the case of pure N=2
supergravity [16], in the sense that the curvature ρA of the right handed components of
the gravitinos contains a term that modifies the gravitational topological gauge-fixing, after
performing the topological twist and the topological shift. This means that the gravitational
instantons are no longer described by an antiselfdual spin connection. As a matter of fact
ρA = DψA + i
2
ǫABǫCD(σx)B
CψD, where (σx)A
B are the Pauli matrices and the resulting
instantons are given by
ω−ab − i
2
Mabx ω
x = 0. (6.11)
There exist only one matrix with the properties of Mabx , up to a multiplicative constant, and
this constant can be fixed by the fact that Macx M
db
y ηcdε
xy
z = 2iM
ab
x (see for example section
5 of [20]). The proof that the hyperinstantons that solve Eq.s (6.8) and (6.11) are effectively
instantons follows from the fact that the total kinetic lagrangian (Einstein lagrangian plus
σ-model kinetic lagrangian) can be written as a sum of squares of the left hand sides of the
above equations up to a total derivative
Lkin = εabcdRab ∧ V c ∧ V d − 1
6
εabcdV
a ∧ V b ∧ V c ∧ V dgµνhij∂µqi∂νqj =
= 4i(ω−ab − i
2
Mabx ω
x) ∧ (ω−ac − i
2
Macyω
y) ∧ Vb ∧ V c +
− 1
3
εcdefV
c ∧ V d ∧ V e ∧ V f [4(V µ[aEb]+ki ∂µqi)2 + (V µa Eaki ∂µqi)2] +
+ total derivative. (6.12)
As an example, let us consider the simplest case, namely the case m = 1, Q(1) = H1,
with the standard flat metric. We have U i
A˙α
= (σi)αA˙ and E
a
i = δ
a
i .
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The hyperinstantons satisfy
V µ[a∂µq
b]+ = 0,
V µa ∂µq
a = 0. (6.13)
If we further specialize the example, namely we choose flat spacetime metric, we have
∂[µqν]+ = 0,
∂µq
µ = 0. (6.14)
If you imagine that qµ is an abelian four vector, the hyperinstantons are the selfdual so-
lutions in the Lorentz gauge. But now ∂µq
µ = 0 is a true equation and not a choice of
gauge. In particular, all harmonic forms q = qµdx
µ are solutions (they would be the residual
gauge freedom in the interpretation of qµ as a four potential and so they would not be true
solutions).
VII. CONCLUSIONS
We have seen that, with appropriate procedure and relying on an appropriate symmetry
(R-duality), all N=2, D=4 theories can be topologically twisted, just as it happens of N=2
theories in two dimensions. This possibility introduces a set of new topological field theo-
ries, each of which describes intersection theory in the moduli-space of certain interesting
geometrical structures. Some of these structures are, as far as we know, new or at least not
well estabilished in the mathematical literature.
To be specific, let us enumerate these theories.
i) The twist of N=2 σ-models in flat background, whose target space is a Hyperka¨hler
manifold, introduces the notion of a topological hyperka¨hlerian σ-model, where the appro-
priate instantons are the triholomorphic maps (hyperinstantons). Correlation functions in
this theory will be intersection integrals in the moduli-space of triholomorphic maps: a
subject that to our knowledge has not been so far developed and certainly deserves careful
investigation.
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ii) The twist of N=2 supergravity minimally coupled to vector multiplets yields a topo-
logical theory where the instantons are gauge instantons living in the background of grav-
itational instantons. The moduli-space of these structures is the arena where correlation
functions of our theory have to be calculated. Making an analogy with the 2-dimensional
world, our theory stands to topological Yang-Mills theory as the topological matter models
coupled to topological gravity stand to pure topological minimal models in D=2.
iii) Similarly, twisting N=2 σ-models coupled to N=2 supergravity, one obtains a topo-
logical σ-model where the target space is quaternionic and which interacts with topological
gravity. The instantons of this theory are interesting objects. They correspond to the quater-
nionic analogue of triholomorphic maps living in the background of generalized gravitational
instantons. The space-time spin connection is no longer selfdual but its antiselfdual part is
identified with the SU(2) part of the spin connection on the quaternionic manifold. This is
a phenomenon similar to the embedding of the spin connection into the gauge connection
occurring in string compactifications.
iv) Twisting the complete N=2 matter coupled supergravity, one obtains a topological
theory where all the above instantons are fused together: gravitational, gauge and hyper-
instantons. To our knowledge, no study of the moduli-space of such structures has been
attempted.
v) Alternatively, one can also study the twist on N=2 hyperka¨hlerian σ-models coupled
to N=2 super Yang-Mills. In this case we have the fusion of gauge and hyperinstantons.
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